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7 KJacc

. C}’I]IECTIE}’CT JIH HETBIPEX3HAYHOS HATYVDAJIBHOE HHCIIO C Das/IHHHEI-

MH HeHyJeBbIMH 1dppamu, obuiajiaioniee cieyIONHM CBOHCTBOM:
ecJIM K HeMy NPHDABHUTEL 3TO XKe HHCII0, 3alucaiioe B 0OpaTHoM 1o-
psJIKe, TO MOJVYUTed Yucio, Jjensneecs na 1017

OTreer. Cyiecreyer.

Permenwne. [ogoiiner, nanpumep, uncio 1234. leitereuressho,
1234 + 4321 = 5555 = 101 - 55.

Sameuanne. Yucio abed ¢ pasamHHBIME HeHYIIeBLIM M pPaMu
VJIOBJIETBOPAET VCJIOBHIO TOT/IA H TOJBLKO TOTJIa, Korjia a+d = b+c.

KovmmenTapuit. J[1060i npaBR/ILHBIH TpUMep € TPOBEPKO TO-
ro, 9TO OH TOJIXOJIUT — 7 DAJLJIOB.

/1060t npaBuibHBI TpuMep 6e3 MPOBEPKH TOro, MTO OH IO

xXoauT — 5 badna.
Nmeerca 9 kaprovek ¢ yncaamu 1, 2, 3, 4, 5, 6, 7, 8 u 9. Kakoe nau-
DoJibllee KOJIMHEeCTBO 3THX KAPTOYeK MOMKHO Pa3jIoyKHTh B HEKOTO-
POM TIOPSJIKE B psiJi TAK, 4T0DbLI Ha MOOLIX JIBYX COCEHHX KapTou-
KaxX OJIHO M3 YHcell Je/IIoch Ha japyroe?

OTger. 8.

Permenne. 3amerum, 4To Bee 9 KAPTOUEK MOJOXKUTEL B PsiJl Tpe-
DveMbIM 00paz0M He HOJIVHUTCH. DTO CJEJIVeT U3 TOro, YTO YV KaiK-
J1oft N3 KapTodeK ¢ 4YHC/IaMM 5 B 7 MOKeT OBITh TOJILKO OJIHH CO-
ceJl — KapTodKa ¢ 9ucjioM 1. SHaduT, obe KapTodku O 1 7 JIOJZKHBI
JleKaTh ¢ KpaeB, a Kaprodka ¢ eJHHHIeH JIoJZKHA coce/ICTBOBATDL ©
KazK/10il U3 HUX, 4YT0 HeBO3MOXKHO.

Bribpars 8 KapTodek W paz/ioKUTh MX B PJI COITIACHO Tpebo-
BaHHAM 3a/la4i MOXKHO, Hanpumep, tak: 9, 3, 6, 2. 4, 8, 1, 5.

Kommenrapuii. [lokazaTesnbeTBo TOro, 4TO BCe KAPTOYKH Pas-
JIOKHTE He yjaacTed — 4 dania.

JT1060fi NpaBMIILHBI TpUMEpP BBIKJIAILIBAHUA 8 KapTo4ek

3 bana.
ITeTs kKynum oHO NTHPOXKHOE, JIBa KeKea 1 TpH Oyoumka, Ans Kynniia
TPH NUPOXKHBIX U OyvOimk, a Kous kynui mneersh kekcos. Bee onm
3AIUIATHIIM 38 MOKVIIKH OJIMHAKOBBIE CYMMBI JieHerl. .lena Kynuia
JIBa TUPOXKHBLIX U jpa OyOiauKa. A CKOJBKO KEKCOB OHAa MOIVIA OB
KYIIUTH HA Ty Ke MOTPpavYeHHyIo eil cyMmmy”’
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OTBeT. 5 KeKCOB.

Permtenune. Cymmapnast croumoctsb nokyiku [lern n Aun pap-
Ha CTOMMOCTH JIBYX nokynok Koun. Ecnm obosnaunts II, K n b
COOTBETCTBEHHO CTOMMOCTH ITHPOXKHOTO, KeKca 1 OVOIIMKa, TO 1MoJIy-
qaem papercreo: (142K +3B) + (3I1+B) = 12K, orkyna caenyer,
qyro 411 + 46 = 10K, To ects 211 + 2B = 5K.

3ameuanue. 3 yveiiopus MOXKHO BEIMHCIINTE H BCE OTHONIEHHS
croumocTeit, umenno, [ : K: bB=7:4:3.

Kovmmenrapuii. Toibko npaBHIbHBIT oTBeT 6e3 obbsicHe-
Huit — 1 Gasw.

. B kuacce 26 yuamuxcs. OHH JIONOBOPHJINCH, YTO Kax bl M3 HHUX

Gyaer nbo JKeNoM (JKelbl Beerya JIryT), 6o peiiapeM (pbliapu
BCerjla FOBOPAT Npapay). Korjga oHuM NpHILIN B KJIace W CeJd 3a
MapThl, KaXK/ILIH U3 HUX cKasall: <2 CHIKY PHAJIOM ¢ JIZKeIoM». 3aTeM
HEKOTOPBIe VHalllecs Iepecesn 3a apyrue naptel. Mor jm nocie
3TOr0 KazIblil ckazarTh: «fl ciky psjiom c peinapems» ! Kaxibiit
pas 3a b0 mapToil cHjIeJ0 POBHO JIBOE VHAITHXCH.

Oreet. He mor

Permrerne. 3amerum, 9ro ¢dppasa «2l ciKy psiioM co JIKeIoMs»
MOTJIA OBITH NPOM3HECeHA TOJBKO B TOM ClyHae, KOIJla 3a OHOl
MapToit CHAAT JKell H PhIaph. ITO 03HAYAET, 9TO B KJACCe JIKe-
OB U pbillapefi moposHy — 1o 13. @paza xe « & cxky psjgoMm ¢ po-
mapems MoIIa OBITHL MPON3HECEeHA TOJLKO B TOM CIyYae, KOr/a 3a
o/iHOi napToit cuwaaT aubo nBa JiKera, aubo jaBa peiapd. Ho 13
HeYeTHOe U0, TTOTOMY paccaJuTh 13 /Kenos U 13 poinapefi 3a
NapThl TAK, 9TODLI 38 KaxKJ10if naproii cujiesan Jaubo Jaea JKena, Jn-
60 JBa pLIAPH, He MOJYVHYHTCS.

KomMenrapuii. 3aMmedeno, 9TO BHaMaJe 3a KalkJIof 1maprofi
CHJIEIN JIZKeIl H pelllapb — 2 baJuia.

3aMmetdeHo, UTO MOC/e Mepecajiki PSAJAOM JIOJKHBI CHJIEThH [IBa
phIApA WM JBa JizKela — 2 Hasuia.

Crenanbt 06a atux sameudanns — 3 6auna (a e 4).

5. Kakoe nanMeHnbIee 4HCIO YVIOJIKOB U3 3 Kinerok HVAHO ITOKPaCHTh

B KBajiparte 6 x 6 Tak, 4Tobbl HOJIBITE HH OJTHOTO YIOJKA HOKPACHTH
obL10 Hesb3s! ([lokpaliennbie Yok He JIOJKHBI IePEKPBIBAThCSL. )
OTger. 6.
Permenne. Ilyers knerkm kpajgpata 6 X 6 nokpaiiensl Tak,
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yro O0JIbINEe HU OJIHOTO VIOJKA HMOKPACHTH Helb3s. lTora B Kaxk-
JIOM KBaJIpaTuke 2 X 2 moKpaiieHo xXots Obl 2 KJIeTKH, HHAYe B 3TOM
KBaIpATHKe MOMKHO HOKPacuTh yroyiok. Pazbusas kBajapat 6 x 6 na
9 KBaJIpaTUKOB 2 X 2, nojy4aeM, HTO BCEro MOKpAalieHo He MeHbIIe
9.2 =18 kuerok. Urtak, nokpaimieno He MeHbIiie 6 yTroJKoB.

Ha puc. 3 nokazano, Kak nokpacuts 6 yroJ-

KOB, 4T0DBLI DOJIBIIE HU OJHOIO VI'OJIKA I0Kpa-
CUTh OLLJIO HeJIL34.

Kommenrapuit. /lokazano, 4To 1okpa-
NIEHHBIX VTOJIKOB He MeHblile 6 — 4 6asuia.

HE.]:J'HCDHELH IpuMep C 6 [NOKpPallcHHBIMHA

Puc. 3
VIOJIKAMH — 3 Hasla.
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8 KJacc

. Haﬁ,}[l*[’l‘ﬂ KEI.KHD—IIHG}’JI.I_} HETEIPpEe Pa3/IHYHLIX HaTVPAJILHLBIX 9HCIA,

obIaJIAIONINX CIICIVIONIMM CBOHCTBOM: €CJIM K ITPOU3BEIeHHIO JIH0-
OBLIX JIBVX W3 HUX NPUOABUTL NMPOH3BEJ/IeHHe JIBYX OCTAJILHBIX YH-
cesl, TO MOJVHUTCH TPoCcToe YHCIIO.

Permenue. I[lonofiayT, nanpumep, uucaa 1, 2, 3 u 5. [ei-
CTBUTEILHO, 3HAYMCHUS BCeX TpexX Belpaxkenmit 1 -2 + 3 -5 = 17,
1-34+2-5=13ul-5+2-3 =11 asidaorecs TPOCTLIMA YHCJIAMH.

3amevanue. CyiiecTByioT M JIpyrHe NPHMEPLI, TAKHe, KaK
(1,2,3,13), (2,5,11,17) wum (4,5,7,11). Herpyano nousits, 4ro B
JM0HOM TAKOM TIpUMepe JOJIKHO OBITh POBHO OJIHO HETHOE YHCIIO.

Kovmmenrtapuii. [Ipasuinbabiiit npumep 6e3 nposepKn Toro, 9To
nperbABJAeHHBI HAbBop "uces noaxoauT — 4 basuia.

JTroboit Hepepubiit mpumep — 0 HasLIoB.

B ey knom gersipexyroibanke ABCD touka K — cepennna AB,
Touka L — cepenuna BC', touka M — cepenuna C'D, touka N — ce-
peauna DA, JIna nekoropoii Touku S, JjlezKalieii BHYTPH HeThIpex-
vrosbuuka ABC D, okazanock, yrto KS = LS u NS = MS. loka-
wute, aro LIKSN = ZMSL.

Permternme. 3aMmerum, 4TO OTPE30K C
KN sapndgercs cpeanefi gunmeii Tpe-
vrombauka BAD. Suaiut, KN = TD
Ananoruyno, w3z TpevroiabHuka BCD
nosiyaaem LM = —Q‘E—J Ho Toraa 1pe-

vrosmbuukn KSN w MSL pasnubpl 110

TpeMm croponaMm. OTciojia cienyer Tpe- A
byemoe paBeHCTBO COOTBETCTBYIONINX VI'- Puc. 4
JIOB.

Sameuganue. 3 ycioBus cieyer, 9To JIMATOHAIH HeTBIPEX-
yvroasuuka ABC D nepneninKysipHbL.
Paboune ykinaasiBain 1o pasMepa n X N INIMTKAMHA JIBYX THIIOB!
2 x 2 u 3 x 1. Oxkazajnoch, 4ToO UM VJIAJIOCH HOJHOCTBIO VIIOMKHUTh
MOJ1 TAK, YTO OLLIO UCIOJIB30BAHO OJIMHAKOBOE KOJIMYECTBA ILIUTOK
Kax/oro THia. [Ipn kakux n rtakoe moryo noayunthes! (Pezarth
IVINTKH, & TaKyKe HAKIAJBIBATL HX JIPYT Ha Jpyra Helb3sd.)
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Oreer. [Ipu n, nensimuxcs na 7.

Pemrenue. Ilyern paboune UCHONIBL30BAIN 110 T IUTHTOK KaK-
soro Bujta. Torma miomais, 3ansaTas IIHTKaMu, pasia 4dx + 3r =
= Tz = n?. BuaunT, n JOJKHO JeIHTLCs Ha 7.

Ecmm ke n nesmarest Ha 7, TO 11071 VIIOKHTD
moxkHO. JlocTaTrodno 3aMeTHThL, YTO KBaJpar
7 % 7 MOMKHO VJIOKHTE, HCIIOJIL3YS 110 7 IJIHTOK
Kax1oro Biia (em. puc. 5). A ksajgpar Tk x Tk
MOXKHO paspesaTh Ha KBaJparbl 7 X T.

KovmmenrTapuii. [lokazano, @ro n gennt-
cst HA 7 — 3 Hasnia.

[Tokazano, 4ro npu n = 7k 10JI MOYKHO VJIOKNTE — 4 Hasuia.

Puc. 5

8.4. Cymma uucen a, b U ¢ paBHa HYJIIO, & UX NPOHU3BE/IEHHE OTPHIA-
a2 1?2 Pt 2ag?
TEeJEHD, rH,DKE—l}K.[“I'['C= UTO YHCIIO -+ + b I[TOJTO-
[ {1

HKHUTEBHO.

IlepBoe pemrenne. Tak kak abe < 0, To 1mbo ogHO U3 HKcen
a, b, ¢ orpunarensno, aubo Bee Tpu. Ho a + b + ¢ = 0, nostomy Bee
TPH HHCIA OTPHIATEILHBIME ObITL He MOTyT. [lyers, Bez orpannye-
Hust obmpoctu, a > 0, b > 0 u ¢ < 0. Ham ny)kHo jokazarb, H9TO

2 012 2402 2442 2.2 242 2 4 12
a~+b°  b"+ct  c“ta , b°+c®  c“ta a” +b° _
e+ttt >0 Nm Y+ > - =
2 2 2 2 2 2
_a“+b ’ b+ b b o
=T .Tak kak a > 0u b >0, To —— > — }m.Ana.ﬂm—
2, 2 2 2

I'MYIHG, H';L = %— > ﬁ Croxuns JABa [MOJYVHEeHHBIX HepaBeH-

CTBa, MOJYVIUM Tpebyenoe.
Bropoe pernmenune. [lepenumem wmeaurens neppoii japobn B

suje (a+b)? —2ab = (—c)? — 2ab = ¢ — 2ab. Toraa nepsyio Apobb
2ab

MOZKHO TTpeodpazoBaTh K BHILY € — =, & cyMMy Jpobeit — K BHIY
2ab 2be 2ab
c— — a— — c—— | =
c a1 c
ab  be  ca 1 1 1
Z(G,—l—b—l—ﬂj—z ?-l—E-FF = —2abe c_2+g+b_2

B]JIPEI-H‘EC[IHC B CKODKax MNOJTOAHUTE/ILHD, a8 ITPOH3BCIeHHC ﬂ-bﬂ, 1T
VCJIOBHID, OTPHIATE/ILHO, OTKVIa W CJOeIveT VIBepPHJIcHHEe 3a1aqH.
Sameuanue. Moxkno 3aMETHTL, HTO, eCJIH C OTPHIIATE/ILHO, a 4
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2 2 2, 2
u b nostoykuTeNbHLL, TO |c| = a+b > a. [losTomy b% > — b%;

KpOoMe TOr'o, &"Diz = (.

. Ha crone nexar 300 moner. Ilera, Baca u Tons urpator B ciejy-
oty o urpy. OHM X0I9T 110 odepe/in B cieayoneM nopsiake: [Ters,
Baca, Tong, Tlersa, Bacsa, Toas, n 1. . 3a oaun xoj Ileras moxker
B3dTL co croia 1, 2, 3 wm 4 monerwl, Baca — 1 uiau 2 MOHeTHI, a
Tonst — Toxke 1 wan 2 monerwsl. MoryT s Bacst u Tosas norosopurth-
csl TaK, 9TO0, Kak Obl Hi urpadt [lers, KTo-To M3 HuxX JBonx 3abeper
CO CTOJIA MMOCJEHION MOHETY !

OTeer. He moryr.

Pemrenne. [lokaxkem, kak urparts Ilere, urober on cmor 3a-
OpaTh co cTOJA TIOCJIe/IHIOI MOHETY He3aBHCHMO oT Mrpbl Bacm u
Tomu. Ilyers nepesiv xonom [lers Bozbmer 4 monernl. 3amernwm,
yto Bacsa u Tosnst 3a cBom X0/bl CYMMapHO MOI'YVT B38Th OT 2 J0 4
MOHET. DTO 3HAYHT, UTO MOCJIe MePBoro Xojia ToJH Ha CToje OCTa-
Heres or 292 no 294 mouer. [locae sroro Ilere ny:kuo B3dThL 2, 3

JIM 4 MOHETBI TAK, 4T0ObLI HA cToJie ocTajiochk 290 MoHeT. A Tenepb,
eciin Baes u Tons 6yiyT 6pars cymmapno 2, 3 uinu 4 monerst, [le-
Te HYKHO OpaTh cOOTBEeTCTBeHHO 3, 2 Hin 1 MoHeTY, 4ToDLI 1oce
KAz 00 ero Xo/a YHCJI0 MOHET, OCTAIONIMXCH Ha CToJe, JIeJHI0ChH
Ha 5. Takum obpazom, on octasur 285, 280, ..., 5 u, "Hakonern, 0
MOHET, TO eCTh 3abepeT co cToJa NOCJeHION MOHETY.

Samevdanue. CyIECTBYIOT U JPYVTHe BLIMTPLINIHBIE CTPATEIHH
[TeTn.



9.1

9.2.

9.3

[lepBas KaBka3ckast MaTeMaTHuecKasi oiuMnuaaa. 12 gekabps 2015r.

9 kJjacc

. 3a KpymibM crojioM cuiar 10 49esloBeK, HEeKOTOpble W3 HHX — Pbl-
Mapu, a OCTAJILHBIC — JIKeIbl (PBINAPH Beerjla FOBOPSAT IPABLY, a
JIKelsl Beerjia JryT). VI3pecTHO, 9TO €pejin HUX ecTh XOoTs Obl OJIHH
pBIIAPL U XOTd Obl o/IMH JiKell. Kakoe Hanbosblliee HMHCI0 U3 CH-
JIAIINX 38 CTOJIOM MOXKeT cKazarbh: «(0ba Moux cocejla — phiuapis 7
(JTosKHBIM cuMTAETCSH VTBEpPIKIeHHe, KOTOpoe XOTd Obl YacTHYHO He
SABJISICTCH BEPHBIM. )

OTger. 9.

Pemrernune. 3amernm, uro Bee 10 He MOTJIH cKa3aTh Takyo gpa-
3y. Tak Kak 3a cTOJIOM eCTh H PBIIADE, U JIZKEIl, TO Hail [y TCs JIZKell 1
pBIIApPL, cuasnme psjaoM. Ho Torya v sroro peiaps xne oba cocena
peitiapi. Ecin ke 3a crosiom et 9 JzkenoB w1 1 peliapb, To Kaxk-
JIBIH M3 31X 9 JKenoB Mor ckasaTh ¢dpasy «Oba Moux coceja
PEIIAPH», TAK KAK V KaxKJI0T0 JIKella cpejii cocejielt ecThb JIzKell,

KommenTrapuii. lokazano, aro see 10 4esioBek He MOIVIN CKa-
3aTh Tpebyemvio ¢dppazy — 4 Haiuia.

[Nokazano, ¥ro npu HekoTopoii paccajike 9 YeJl0BeK MOIJIN CKa-
3aTh Tpebvemyio dppazy — 3 Gaslia.

IIyere @ u b— nponzBoJibHBIe paz/nyHBe dHcaa. okamure, 4To
ypasHenue (x —I—a}{:lr—l— b) = 2x+a+ b umeer JiBa pasiIMYHBIX KOPHS.

ITepBoe permenune. [lepenecem Bee B neByio 9acthb: (x+a)(z +
+b) — (2x +a+b) = 0. Packpbi ckobKH u 1puBes 10706HbBIE
ciaraemsle, noayanM 2 + (a +b—2)z + ab—a — b= 0. Tocunraem
JIMCKPUMHPHAHT TOJIYy YHBIIErocs KBaJpaTHoro ypagHenus. OH paBeH
D= (a4+b—2)>—4(ab—a—b) = a®> +b*>—2ab+4 = (a—b)*>+4 > 0.
SHAYHUT, ypaBHeHHEe UMeeT JIBA Pa3/INYHLIX KOPHS.

Bropoe pemenune. Paccmorpum npupejieHHBIH KBaPaTHbLIH
rpexwien f(z) = (z +a)(x +b) — (22 +a + b). To ects ypasuenne
u3 yeiosus sksusasentno f(x) = 0. Bamernwm, uro f(—a) =a—bu
f(=b) = b—a. Tak kak a s b, B 01HOI1 U3 5TUX TOYEK 3HAYEHHE STOTO
MPUBEJICHHOIO TPeX JIeHa OTPUIATEIBHO. 3HAYUT, Y TPeXtIeHa ecTh
POBHO JIBA KOPHS.

Kommvenrapuit., lokazano, 9To v ypaBHeHHH eCTh XOTH OBl
OJINH KOpeHb — 5 DaJjlIoB.

. Ilyers AL — BuccekTpuca ocTpoyrojabHoro Tpeyvroiabauka ABC, a
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W — OIUCAHHAS OKOJIO Hero okpyzKHocTb. Oboznadnm depes P Tou-
Ky lepecedeHnsi npoiaosikenud Bobicorhl BH Tpevronbnuka ABC
¢ OKpVIKHOCTBIO w. Hokaxkure, urto ecom ZBLA = ZBAC, 1o
BP =CP.

Permenne. Oboznaunm o = ZBAL. Torna ZCAL = a, u, 1o
venopuio, £ BLA = 2a. Tak kak /BL A — BHemHuMit B Tpeyro/ibHHKe
ALC, nonyuaem FACL = /BLA - Z/CAL = a.

Wz npsavoyrossHoro Tpey rojbHu- P
ka BHC tenepsb noaviaem ZCBH = A “

= 90° — @v. Tak kak Touka P Jexur
Ha w, uMeem LBPC = ZBAC = 2a.
Suaunt, LPCE = 180° — ZCBP —
— /ZBPC = 180° — (90° — a) — 2a =
=90° —a = ZCBP. Orciona u cie-
jgyer, 9ro Tpeyroiabiuk PBC paBHO-
oenpennniii, BP = CP.

CymectByeT Jin JIEBATH3HAYHOE YHCITIO0
fe3 HVJIeBBIX ITHQP, OCTATKH OT JIeJeHHd KOTOPOro HAa KAXKIIVIO U3
ero NMUMpP pasiuHHb!

Oreet. He cymecreyer.

Pue. 6

Permrernue. Ipennonoxum, daro TpebyemMoe 4HCIO CYHIECTRYET.
Torna v Hero Bee mudpbl pas/iMyHbB], TOCKOJILKY BCe OCTATKH TIPH
JIJICHHH HA HUX PA3JIWYHBL. 3HAYHT, YHCJI0 cocTOUT u3 mudp ot 1
J10 9, KaxKaasi HCNoJib30oBaHa 1o ojgnoMy pazy. [lostomy cymma ero
nudp pasna 45. Ho Torjga ono jenures u na 3, u Ha 9 (a Takxe
Ha 1), TO ecTh UMeeT OJIMHAKOBLIE (HYJIEBLIE) OCTATKH IIPH JIeJIeHHH
Ha TH mudpwl. [IpornBopeune.

Kommvenrapuii. /lokaszano, 41o B qncie Bee MudPhl JI0JKHbBI
OBLITL pas/IMYHLI — 3 DaJlia.

5. Hazosem nm‘mudp&uﬂm HATVPAJBHOC HHCIO, JeCATHYHaHA 3alliCh

KOTOPOI'0 OJIMHAKOBO HHTAETCH KAK ClleBa HAIPABO, TAK M CIIpaBa
HAJIEBO (JIeCHTHYHAS 3AIMChL He MOXKeT HAYHHATLCS C HYJIS; HAIPH-
Mep, anciio 1221 — namumjipom, a gnciaa 1231, 1212 u 1010 — wser).
Kakux namunapomor cpean uncest or 10000 mo 999999 6onwine — ¢
HevdeTHoi cyMMoit mudp WK ¢ YeTHOM, 1 BO CKOJILKO pas’
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Oreer. [laaunapomos ¢ gerHoit cymmoii nudp boabime B 3 pa-
34.

Pemrenue. 3amernM, 4TO NaJIuHIPOM ¢ O 1IPPAMA BBITJISAAT
Kak abcba, a ¢ 6 mudpamu — kak abecha. Kax et 3 stux mamamn-
JIPOMOB OJTHO3HAYHO BOCCTAHABIMBAETCH 110 MEPBLIM TpeM Indpam
abc. ITo o3HAYAET, YTO U NAJIMHIPOMOB ¢ 5 udPaMu, U HAIHHIPO-
MOB ¢ 6 nndpaMm CTOJIBKO Ke, CKOJILKO 1 4ucest abe or 100 10 999
(To ecrn 900).

3amerum, 4To J1oboi namunapoM ¢ 6 mudpaMu uMeeT 4eTHVIO
cymmy 1udp 2(a+b+e). A eymma mudp namungapoma ¢ 5 nudpamu
ectb 2(a + b) + ¢, TO ecThb 3ABUCHT TOJIBLKO OT HeTHOCTH 1U(pPLI C.
3HauuT, NpH 066X (PUKCHPOBAHHLIX a U b cyniecTByeT nsTh (4er-
HBIX ) 1udp ¢, s Koropex 2(a + b) + ¢ 4erHo, u nsThL (HEUETHLIX )
nudp ¢, 115 KoTopex 2(a+ b) + ¢ nederno. [losromy nanunapomor
¢ b muchpamMu, v KOTOPBIX cyvMMa 1P HeHeTHA, CTOJIBKO e, CKOJThb-
KO TAJHHIPOMOB ¢ 5 g paMu, ¥ KOTOPbIX cyMMa 1udp HerHa (ux
o 450). A sHauUT, MAJHHIPOMOB ¢ 5 I pPaMH, ¥ KOTOPBIX CyMMa
nup HedeTHa, B 2 pa3a MeHbIe, YeM HajautpoMoB ¢ 6 midpamu.
WNrak, namaaaposmos or 10 000 1o 999 999 ¢ gernoit cymmoit nudp
DoJibIne, MeM ¢ HedeTHOIl, mpHuieM PoOBHO B 3 pasa.

3ameuanue. /lokazaTh, 4TO NAJIHMHIPOMOB € HeTHOH CyMMOii
muchp HoJibIe, MOXKHO, VCTAHOBHE B3aMMHO OJIHOZHAYHOE COOTBET-
CTBHE MEAJTY NATH3HAYHLIMA W IMeCTU3HAYHBIMH AJTHHIPOMAMH.
Hanpumep, 1o M0XKHO c/le/1aTh, CONOCTABHE KayKJIOMV TSI TH3HAY-
HOMY HaJuHJIpoMmy abcba mecrusnadunsiii najguuapom abecba. Tlpu
ITOM V BCeX MIeCTH3HAYHBIX NaJHHIPOMOB cyMMa U p 4YeTHa, a
cpeJii NATH3HAYHBLIX ecTh IMAJIHHIPOMEI ¢ HedeTHoil cymMoii nudp.

KovmMmenTapuiit. lokazano, 4To HaJIHHIAPOMOB ¢ 5 nudpaMu
CTOJILKO 7K€, CKOJIBKO HMaJIMHIpoMoB ¢ 6 nudpamu — 2 dasuia.

Hokazano, 9T0 v najguapoMos ¢ 6 mudpaMu cyMMa nudp qer-
Ha — 1 BaJsw.

Hokazano, 9T0 KoO/IM49ecTBO NAJWHJIPOMOB ¢ D nudpamu, y Ko-
TOPBLIX CYMMAa ITUp HeYeTHA, PABHO KOJIMHECTBY MAJTHHIPOMOB C D
nuppaMu, y KOTOPLIX cyMMa 1T p HedeTHa — 2 Daslia.

HokazaHo, 4T0 HAJMHIPOMOE ¢ YeTHOH cyMmoit 1incp Gombie,
HO He HaifJleHO, BO CKOJILKO pa3 — 1 Haswur.

B cayvuae penenusi, HCHOJL3VIONIET0 B3AHMHO OJIHO3ZHAYHOE CO-
OTBETCTBHE, TIOKA3aHO, YTO MAJIHHJIPOMOB ¢ 4eTHOiH cyMMoii nudp
bodibine — 4 Hasa.



10.1.

10.2.

[lepBas KaBka3ckast MaTeMaTHuecKasi oiuMnuaaa. 12 gekabps 2015r.

10 kmaacc

Hatinnre Bce kopun ypasuenns (r —a)(z —b) = (z —¢)(x —d), ecim
u3BecTHO, 4T0 @ +d = b+ ¢ = 2015 u a # ¢ (camu uncna a, b, ¢, d
He JIAHI).

Oreet. 1007.5

ITepBoe pemenne. Packpeip ckobkn, nonyunm ab—(a+b)r =
= ed — (e +d)z. ogcrapus d = 2015 —a u b = 2015 — ¢, noayuaem
a(2015 — ¢) — (a + 2015 — ¢)z = ¢(2015 — a) — (¢ + 2015 — a)z
Cokparus u npuseid 1moj1obube, moiayanm (a — ¢)2015 = 2(a — ¢)z.
NVuureiBad, 9T0 a #+ ¢, noay4daem 2z = 2015, To ecth x = 1007.5.

Bropoe permrenune. [lockomnky ¢ = 2015 — b n d = 2015 — a,
nmapabosbl ¥y = (r —a)(x —b) u y = (z — ¢)(r — d) cuMMeTpUIHDI
oTHOCHTEILHO npsiMofi © = 2015/2. Bua4qur, OHH IEepPeceKalTCs B
TOMKe, JiexKalneil Ha aroit npsamoii. Ecim 661 310 napabosbl uMesn
erre oHyY 0DOIIy 10 TOYKY, TO CHMMeTPHUYHAadA eff TOUKa TaKyKe JexKa-
Jga 6bl Ha obenx napabosiax, TO ecTh Halle VpaBHeHHe HMeso Obl
KAK MHHUMYM TPH pasjnyHbIX KopH#a. Ho Torna 61 31i napabosib
COBNAJIAJIN. A 9T0 NPOTHBOPEHUT YCJIOBHIO, TAK KAK B 9TOM CJIydae
a=d=2015/2ub=ec=2015/2 =

Kommenrapuii. OTBeT collep:KuT nepeMenuble a, b, e wim d
0 Bannos.

ITokazano. uto x = 1007,5 apasgercs KoOpHeM ypaBHEeHHs, HO He
IOKAa3aHo, 4T JIPYTHX KopHeil HeT — 4 Hasuia
Bacs nhlﬁpa,ﬂ ][ﬂKD’l‘DpCH] HUCIO T H BBITTHCAT ][DC.:ICJI’,GBEL[‘C.,[]JIIDC'lh

=1+22+23 e =1+ +2% ag=1+2t+2° ..., a, =
= 1—|—:-:3”+1 + 22 .. Okasajock, 4To a% = ajas. ,[[DK&H{H’I‘G: qTO
JUIsE BCEX M 3> 3 BBIIOJIHSICTCS] PABEHCTBO G2 = (p—]Gnt1.

Permrermne. Sanuiinem paBeHCTBO a% — ajag. Umeem: (1 + 23 +

+ 242 = (1422 + 2%)(1 + 2 + 2°). Packpnis ckobku u npusejis
nosobuble cnaraemere, nojyumm rt + 23 = x° + 2. TIpeoGpasyem:

0 =2’+r?—zt—23 = 2?(23+1—22—2) = 22(2—1)%(z+1). Orxyna
aubo ¥ = 0, Mmbo x = —1, mmbo = = 1. B nepBuix aByx ciyyasx
ap = 1 JUisg Bcex n, B TpeTbeM ciydae a, = 3 s Beex n. Bo Beex

ITHX CJIVHAHX BBINNOJIHACTCH TPCGFDMOE PaBEeHCTBO ﬂ,? iy — lﬂﬂ+1

Bameuanwue. [locie nonyuennst pasencrsa rt + 3 = 22 + 22
MOZKHO JIeficTBOBATE U 1o-ApvroMmy. Packpripas ckobku B paBeHcTBe
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10.3.

10.4.

;,21 = Ap_10p41 W UPUBOJIA 10JI0OHBIE cilaraeMble, IOJIYVHaeM, 4TO

oHO paBHOCHIBHO papencrey =12 4 27Tl — 2743 L 47 xoropoe
T = —
nosyuaercst u3 ' + 2% = 2% + 22 jommokennem na "2,
Kommenrapuit. [Tonyueno coornomenne rt + 23 = 27 + 22

2 Dasa.

)

[Tocsne sToro BepHo pazobpanbl JHMIIL JIBa U3 TPEX CAVHACE T =
=0, z=1unxr=—1—2 6amia.

Kakoe HanMeHblllee HHCI0 VIOJIKOE U2 3 KJIETOK HYZKHO IIOKPACHTh
B KBaJipare b X b Tak, 4Tobsl OoJbIIe HH O/IHOI'O VI'OJIKA [TOKPACHTh
ObL10 Hedb3s? (BakpalieHHbIe YTOJKH He JOJKHBI TePeKPBIBAThCS. )

Orger. 4.

Pemrenue. [lyers kinerkn kKBajipata b X 5 MOKpAaIleHbl Tak, 49TO
DoJIbITe HU OJIHOTO YTOJKA MOKPACHTE Helb3d. Paccmorpum 4 yrou-
Ka, OTMedeHHbIX Ha puc. 7. TAk Kak HM OJIMH W3 3THX YIOJKOB 110-
KPACHTH HEJIL35, TO B KAaXJIOM M3 HUX [MOKPAIeHo 110 Kpaiineii mepe
110 OJIHOH KJIeTKe. 3aMeTHM, YTO OJIHHUM YTIOJIKOM HeJlb3$ OKPACUHTL
KJIETKH JIBYX OTMEYeHHBIX YVIOJKOB. 3HAYWUT, BCEI'O IOKPAIIeHO He
MeHbIIe 4 YIOJKOB.

Pue. 7 Puc. 8

Ha puc. 8 nokazano, Kak 1oKpacuTh 4 VIoJIKa Tak, 9To0bl H0J1bL-
e HH OJIHOTO VIOJKA HOKPACHTEL OLLIO HEJL3H.

Kommenrapuit. [lokazano, 4To NOKpPaIeHHBIX YIOJKOB He
MeHBIe 4 — 4 bana.

HapucoBan sepubiii npumep ¢ 4 nokpallleHHBIMH VI'OJKAMH
3 bajua.
Hazosem uwmcsro, Gosbiiiee 25, noaynpocmsim, eCJIH OHO SABISETCH
CYMMOIT KAKMX-TO JIBYX Pa3JIMYHBIX MPOCTBHIX Hucel. Kakoe Hau-
DoJibINee KOJIMHYECTRO TI0CJIe0BATENBHBIX HATYVPAILHBIX YHCE]T MO-
I'VT OKA3aTLCH MOJVIPOCTLIMAT

OTBer. 5.

Pernenue. 3amerum, 4To HeHeTHO HOJIVIIPOCTOE YHCIIO MOMKET
OBITHL JIMIIL CYMMOH JIBOHKH M HEYETHOI'O IPOCTOTI0 YHUCJIA.
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[MToxazkeMm, 9TO TPH HOAPsJT MAYNIHX HEUETHBIX unciaa 2n + 1,
2n+3 u 2n+ 5, 66abmux 25, He MOTYT OBITh IOV IPOCTLIMH OJIHO-
ppemento. [Ipeanonarasi nporuBHoe, nojydaeM, 4To 4ucia 2n — 1,
2n+ 1w 2n + 3 — npoctele, 1 Bee onu bosbine 3. Ho onno U3 satux
Tpéx uncen JjiesuTest Ha 3. [IporuBopeune.

3aMeTHM, 4TO cpejii J00LIX IMIecTH MHMOoC]IeJ0BATENbHLIX i
cell eCThb TPH NOAPAJ] HAYIIHMX HeYeTHBLIX HHCa; 3HAMWT, [oce-
JIOBATEJILHBIX 1OJYIPOCTBIX HHCE] He MOZKET ObITh OoJiblle IATH.
[Isrs noaps uaynmMx 4uces MOTYT ObITh HOJIYIIPOCTLIMH; HAIIPH-
mep, 30 = 17+ 13, 31 = 29+ 2, 32 = 19 + 13, 33 = 31 + 2,
34 =23+ 11.

3ameqanue. CyniecTByorT U JIpyrue IpuMepsl.

KommMmenrapumii. [okazano, 4To 1nocie/1oBaTe/lbHBIX 101y IIPo-
cThix guceds (Bosbmmx 25) ve Hosee 5, — 4 Hasuia.

[Tpusegen npumep 5 1ocie10BaTe/ILHBIX MOJIYHPOCTBIX HHCE]
(6osbmux 25) — 3 Gasuia.

. Iyers AA] n CC — BBICOTHI OCTPOVIOJILHOTO HepapHOOe peHHoro

Tpeyroabiuka ABC, a K, L w M — cepequunl cropon AB, BC n
C'A coorpercreenno. Hokaxkure, uro ecom ZC1M A = ZABC TO
Ci1K = AL.

Pernernne. Orpezok C1 M apis-
eTcs MeIHAaHON IPAMOYVIOJLHOIO Tpe-
yromeauka C'C1 A, mostomy Ci1M =
= A€ — MA. Torna ZC\MA = 7 —
— 2/BAC. Ananornuno, ZAJMC =
= 7w — 2/BCA. Orciona /C{MA +
+/ZAIMC =2(n— ZBAC — ZBCA) = 1 M O
= 2/ABC, a torma ZAIMC| = 7 — Puc. 9
—(LAMC1 +ZCMA|) =7m—-2LABC.,

Wz venopua caenyer, yro LABC = wm — 2ZABC. Otciona
ZABC = T . ITo veanosuio, Tpeyroasunk ABC — ne pasaobenpen-

HBII; 1yeTh, Hanpumep, AB < BC. Torza us npsMoyrojisHOro Tpe-
yrossunka AB A nonyuaem BA] = BAcos(m/3) = AB/2. 3nauur,
AW\L=BL—-BA| = BC AB A yasor nano, KCY = BC) — BK =

_ BC - AB — ALY

9 [']!Cp}[{ JeHue ToKa3aHo.

KovmmenTapuit. [lokazano, aro ZABC = % 3 Basuia.
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11.1.

11.2.

11.3.

11 kJacc

CymectByer JiM BOCBMH3HAYHOE YHCI0 063 HyJeBwX 1udgp, KoTopoe
NPH JIeJIeHHH HAa CBOIO HepBYIo NUdpY JlaeT octaTok 1, IpH J1ejieHH
Ha BTOPYIO NHMPY JaeT ocTaToK 2, ..., HPH JIeJeHHH HA BOCHBMYIO
nucpy jgaer ocrarok 87

OTeer. He cymecreyer.

Permenne. [Ipenanonoknm, 49To Takoe MHCI0 CVIIeCTBYeT. ak
KAK OCTATKH IIPH JIeJIeHHH Ha 8 nmudp — pasiiMiHble Yucia ot 1 1o
8, To MUPBI V BOCBMUZHAYHOTO YHCJIA PA3IHYHLIE.

Hamnee, ecim 9uCI0 JIaeT OCTATOK 8 NIPH JIeJIeHHH HAa 1Dy, TO
ata nudpa — 9. 3uaunT, nociaeHdAd udpa Uuciaa paBHa 9. Axa-
JIOTHYHO, eCJIH HHUCJIO JIaeT OCTATOK 7 TPH JIeJeHHH HAa 1udpy, 3Ta
nmuchpa — 8 wim 9. Ho 9 yke crouT Ha TociieHeM MecTe; MO3TOMY
npeanocieinds nudpa — 8. Paceyxias aHagnoruaHo, moJyIumM, 9To
Hallle YUCJI0 MOXKeT ObITh PaBHO TOJLKO 23456789, OHaKO 9TO YHC-
J10, HAIIPUMED, IIPH JIeJIleHHH Ha TpeThio 1mudpy (4) jgaer octaTok 1,
a He 3.

Sameuanune. Takxke uncino 23456789 naér ocrarok 5 (a He 7)
NpPH JIeJIeHHH Ha 8.

Kovmmenrapwuii. /lokazano, 9To 9HEI0 JOJZKHO COCTOSTL W3
pasimyaHbLIX 1rdp or 2 10 9 — 3 Hasia.

HHonomHuTe/IbHO MOKA3AHO, YTO OHO MOMKET ObITh TOJLKO
23456789 — 2 Hasna.

Vpasueune (x + a)(z + b) =9 umeer kopens a + b. lokaxkure, 410
ab < 1.

Permenwne. [lojicraBus nanuwlit Kopenb r© = a + b B ypaBHnenue,
nosiyaaeM papeHcTBo (a +b+a)(la+b+b)=(2a +b)(2b+a) =9.
Torya 9 = 5ﬂb+2{ﬂ,2—|—b2) = 5ab+2-2ab = 9ab, orkyyia ab < 1. (M
HCIIOJIB30BAIN HEPABEHCTBO a2 + b > 2ab, KoTopoe 5KBHBAJICHTHO
(a—b)2 =0.)

Kovmmenrapuiti. DB pemenun npuMeHsieTcsi HepaBeHCTBO O
CPeJIHUX IS Yucell, 3HAK KOTOPBLIX HeH3BecTeH, — He boJlee 3 Dasl-
JIOB.

Paboune yrnagpisamu non pasmepa n X n (10 < n < 20) nanrkamn
apyx tHos: 2 x 2 1 5 x 1. OKazanoch, 9T0 UM VIAJIOCH TTOJTHOCTBIO
VIOMHUTE T10J1 TAK, YTO OBIJIO HCIIOJIB30BAHO OJIMHAKOBOE KOJHMYeCTRA



11.4.

[lepBas KaBka3ckast MaTeMaTu4ecKas oumnuaza. 12 nekabps 2015r.

IUIHTOK Kaxjgoro tuma. [Ipn Kakux n Takoe MOIVIO HOJVHHTHLCH?!
(Pesars mimTky, a TakaKe HAKJIAJILIBATE HX JPYT HA JIPYTA HEJL3S. )

OTeer. 12, 15, 18

Permenne. [lvers pabodne HCNONBLI0BAIH TI0 T IUTHTOK KaXK-
goro Bujga. Torja mioniaib, 3anaTas IIHTKaMH, paBHa 4z + br =
— 9z = n?. Buaunt, n? JOIKHO JINTLCS HA 9, TO €CThL N JIOJKHO
JnenanThbess Ha 3. Takum obpazom, MOryT MOJ0OHTH JHIIL 3HAYCHHUSH
n=12, n=15un = 18.

[Mokazkem, Kak viiokuTh TpebyeMble KBajipatel. Keaapar 6 x 6
MOKHO VJIOXKHTD, HCIIOJIL30BAB [OPOBHY ILITMTOK OBONX THIIOB (CM.
puc. 10). Tak kak ksajiparsr 12 x 12 u 18 x 18 paspezatorcs na 6 x 6,
TO UX TAKXKE MOXKHO VJIOKUTH TpeOveMbIM 0bpazoM.

Pue. 10 Puc. 11

Ha puc. 11 nokazano, Kak VJIOKHUTL KBajapar 15 x 15, ucnionbayvsd
1o 25 IJIHTOK KaxJI0I'0 THIIA.

Samedanue 1. Kpagpar 18 x 18 mMokHO pazdNTL HA NpPAMO-
VIOJBHUKHN 2 X 9, KazK/Iblit U3 KOTOPBIX MOXKHO VJIOMKHTh, HCIIOJIL3YH
Mo 2 IIATKW KaxKJI0To THIIA.

Samedanue 2. Moxkno nokasarn, 4ro moboit KBajpar 3m x
x 3m (m > 3) moxHo TpebyeMbIiM 00pa3oM YIOKUTE IIHTKOM.

Kommenrapuii. [lokazano, uro n? jgemurest Ha 9 U cuenan
HEBEPHBIl BLIBOJI, 4TO 1 JlequTesd Ha 9 — 0 Hassos.

IMokazano, uro n genurest Ha 3 — 2 Hasuia.

IMokazano, aro npu n = 12 nos MoKHO VJI0KNTL — 2 Hasla.

[Mokazano, aro npu n = 15 1Mo MOXKHO VJIOKHTL — 2 Hasa.

IMokazano, yro npu n = 18 1o MOXKHO VJIOKHTL — 1 BaJL.
Cepemnna pebpa S A TpeyroasHoit nmupamuisl SABC paBHOVIIaIe-
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Ha OT BceX BepinmuH mupaMuibl. [Ivers SH — BbicoTa nupamujibl.
Jokazkure, uro BA2 + BH? — CA2 + CH?.

IlepBoe perenue. [Ivers M — cepenuna pebpa SA. Tak kak
MA=MS5 = MC. to B tpeyronbuuke ASC mennana MC B nBa
paza Hodikiie croponbl A4S, K KoTopoit oHa npoBejieHa. 3HAMHT, Tpe-
vroabHuK ASC — npsaMmoyroibieiit ¢ runorenyzoit AS. Ananoruy-
HO, TpeyvroJbHuK ASE — npssmoyronsbiii ¢ runorenyzoii AS. Io-
sromy AS? = BA? + SB? = CA? + SC%. Ho SC? = CH? + SH*?
u SB? = BH? + SH?. Tloacraeus B npe/bIIyIiee paABeHCTRO, T10-
ayunm BA?2 + BH? + SH? = CA?2 + CH? + SH?. Buiurs uz obenx
qacreii pasencrea SHZ, noayanm tpebyenmoe.

Bropoe permtenne. [lvers M — cepenuna pebpa S A, a Tou-
Ka () — ocHOBaHMe TepIeHHKY/IAPa, OIyIIeHHoro u3 Todku M
Ha 1iockoeTh ABC. Torna MO — cpennsis MTUHHA TpeyrojbHHKA
SAH, nosromy Touka () — cepenuna orpeska AH. V3 papencrea
NpAMOVTOJLHBIX Tpevroabiukos AMO, BMO u CMO c obumwm
karerom OM u paBHBIMH, 110 yesioBHio, runoTenyzamu AM, BM u
C'M, nonyuaem, yro OA = OB = OC. 3uauut, Touka O gBider-
csd MeHTPOM OKPYIKHOCTH, OIMHCAHHON OKoJio TpevroibHuka ABC,
a Torya AH — nuamerp stoit okpyxKHocTH. 3HaqduT, viviel ABH u
ACH — npawmeie. [Tpumenus Teopemy I[ludaropa K TpeyvrojibHHKaM
ABH w ACH ., nonydaeM yTBepKJIeHHE 3aJla4H.

3amevanue. /lpyroe JokazaresnbcrBo Toro, uro SABS =
= LACS = 90°, ocnHoBano na ToMm, 9To Touka M sBisercs 1eH-
TpoM cdepbl, OMMCAHHOI OKOJIO MUPAMHJILI, a4 TOTJa oTpe3ok SA
JMaMeTp 3Toit cdephl.
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Kommenrapuii. [lokazano, €ro xorsas Obl OJMH W3 VIVIOB
ZABS, ZACS, ZABH wm ZACH upsimoii — 2 daJjuia.

. C}’IILECTIE}’IGT JIH HaTVPaJBHBIC a H b: DOJILIITHE TBICHYH, Taknue, 9TO

JI15 J1I000T0 ¢, SBIAIONIerocs TOUYHBIM KBaJIPATOM, TPH HHucla a, b u
¢ He SIBJIAIOTCH JJIMHAMH CTOPOH TPeYTOJbHUKAT

OTeer. CymecreyIor.

Pemenwne. [Tyers, nanpumep, a = 100002 + 10000, b = 1001.
[Ipe/IIoI0KIM, 4TO CyHIeCTBYeT ¢ = d2 Takoe, 4To 4Hc/Ia a, b u ¢ siB-
JIFAIOTCH JITMHAMHI CTOPOH HEKOTOPOI'O TPeyroJbHUKA. Toraa Jomk-
HBI BBLINOJIHATECH HEPABEHCTBA TPEVIoJbHUKA a +b > ¢, b+ ¢ > a,
a+c > b. Pacemorpum nepesle jipa u3 uux: a+b > cu ¢ > a—b. 3a-
meruM, 4o a-+b = 100002+10000+1001 < 100002 +10000+10000+
+1=100012, u a — b = 100002 + 10000 — 1001 > 100002. Ho Torya
100012 > a+b > ¢ > a—b > 100002, o ects 100012 > d? > 100002.
DTO HEBO3MOZKHO.

Sameuganue. CyniecTBYIOT H JAPYIHE TPUMEDHL.

KomMmenTapuii. Toubko oreer 6e3 obbsacuenuii — 0 Hasios.

[IpebaBiens! JiBa 4YHUCIa, HO HET IIPOBEPKH TOI'O, YTO OHH VIO~
BJICTBOPAIOT TpebopanuaM 3a1a4u — 0 DaJLIoB.



